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ABSTRACT
Proportional Hazards Regression using a partial maximum likelihood function to estimate the covariate parameters in
the presence of censored time to failure data (Cox, 1972) has become widely used for conducting survival analysis.
When modeling a proportional hazard regression model with survival analysis data that right censored and time-toevent in a clinical trial, the researchers may have great interests to assess that if the data in different treatment
groups or with certain covariates meet the criteria of proportional hazard assumption. In this paper, there would be
some basic concepts of survival data analysis, cox model and proportional hazard ratio introduced. Then methods
regarding how to implement the test of proportional hazard assumptions will be illustrated as a guideline when
handling the survival data in continues or discrete. At the end of the paper there are several examples using these
methods with outputs from SAS explanations.

INTRODUCTION
Basically the proportional hazards (PH) regression model has two assumptions, that when satisfied ordinarily allow
one to rely on the statistical inferences and predictions the model yields. The first assumption is that the time
independence of the covariates in the hazard function, that is, the ratio of the hazard function for two individuals with
different regression covariates, does not vary with time, which is also known as the PH assumption. The second
assumption is that the relationship between log cumulative hazard and a covariate is linear. In this paper we will focus
on the methods assessing the first assumption that is PH assumption in continues or discrete survival analysis data.
For the industry's approval, there are 3 different treating ways to evaluating the proportional hazards assumption. The
first way is graphical analysis mainly includes Kaplan Meier curves and the estimated survival function with an ln-ln
transform. The second way is the use of time-dependent covariates, the last way is the goodness of fit, a kind of
statistical test. In the main part of this paper, all the 3 treating ways will be introduced with details and examples, and
additionally the basic concepts and prerequisite knowledge of survival function, Cox hypothesis, and hazard function
will also be presented as well.

BASIC CONCEPTS OF SURVIVAL ANALYSIS
In this paragraph, there will be some key components of survival analysis for introducing their definitions and internal
relationships. First recall that time is continuous, and that the probability of an event at a single point of a continuous
distribution is zero. To define the probability of these events over a distribution, the best described is by graphing the
distribution of event times. To ensure the reader will start with the same fundamental tools of survival analysis, a brief
descriptive section of these important concepts will follow. A more detailed description of the probability density
function (pdf), the cumulative distribution function (cdf), the hazard function, and the survival function, can be found in
any intermediate level statistical textbook.

THE CENSORING DATA
In statistics and medical research, censoring is a condition in which the value of a measurement or observation is
only partially known. For example, suppose a study is conducted to measure the impact of a drug on mortality rate. In
such a study, it may be known that an individual's age at death is at least 75 years (but may be more). Such a
situation could occur if the individual withdrew from the study at age 75, or if the individual is currently alive at the age
of 75.
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Figure 1. Caption for censored value
Although in most cases when we talk about censoring data, they are all pointed to be right censored data. For
displaying more information, most types of censoring data are listed below:

•
•
•
•
•

Left censoring – a data point is below a certain value but it is unknown by how much.
Interval censoring – a data point is somewhere on an interval between two values.
Right censoring – a data point is above a certain value but it is unknown by how much.
Type I censoring occurs if an experiment has a set number of subjects or items and stops the experiment at a
predetermined time, at which point any subjects remaining are right-censored.
Type II censoring occurs if an experiment has a set number of subjects or items and stops the experiment when
a predetermined number are observed to have failed; the remaining subjects are then right-censored.

THE CUMULATIVE DISTRIBUTION FUNCTION
The cumulative distribution function is very useful in describing the continuous probability distribution of a random
variable, such as time, in survival analysis. The cdf of a random variable T, denoted as 𝐅𝐓 (𝐭), is defined by 𝐅𝐓 (𝐭) =
𝐏𝐓 (𝑻 < 𝒕). This is interpreted as a function that will give the probability that the variable T will be less than or equal to
any value t that we choose. Several properties of a distribution function 𝐅(𝐭) can be listed as a consequence of the
knowledge of probabilities. Because 𝐅(𝐭) has the probability 0 < 𝐅(𝐭) < 1, then 𝐅(𝐭) is a non-decreasing function of t,
and as t approaches ∞, 𝐅(𝐭) approaches 1.

THE PROBABILITY DENSITY FUNCTION
The probability density function is also very useful in describing the continuous probability distribution of a random
variable. The pdf of a random variable T, denoted 𝐟𝐓 (𝐭), is defined by 𝐟𝐓 (𝐭) = 𝐝𝐅𝐓 (𝐭)/𝒅𝒕. That is, the pdf is the
derivative or slope of the cdf. Every continuous random variable has its own density function, the probability
𝐏(𝒂 < 𝑻 < 𝒃) is the area under the curve between times a and b.

THE SURVIVAL FUNCTION
Let T > 0 have a pdf 𝐟(𝐭) and cdf 𝐅(𝐭). Then the survival function takes on the following form:
𝐒(𝐭) = 𝐏𝐓 ｛𝐓 > 𝐭｝= 1 - 𝐅(𝐭)
The survival function gives the probability of surviving or being event-free beyond time t. Because 𝐒(𝐭) is a probability,
it is positive and ranges from 0 to 1. It is defined as 𝐒(𝟎) = 1 and as t approaches ∞, 𝐒(𝐭) approaches 0. The KaplanMeier estimator, or product limit estimator, is the estimator used by most software packages because of the simplistic
step idea. The Kaplan-Meier estimator incorporates information from all of the observations available, both censored
and uncensored, by considering any point in time as a series of steps defined by the observed survival and censored
times. The survival curve describes the relationship between the probability of survival and time.

THE HAZARD FUNCTION
The hazard function h(t) is given by the following: 𝐡(𝐭) = 𝐏𝐓 ｛𝐭 < 𝐓 < 𝐭 + ∆𝐭|𝐓 > 𝐭｝ = 𝐟(𝐭)/(𝟏 − 𝑭(𝒕)) = 𝐟(𝐭)/𝑺(𝒕).
The hazard function describes the concept of the risk of an outcome (e.g., death, failure, hospitalization) in an interval
after time t, conditional on the subject having survived to time t. It is the probability that an individual dies somewhere
between t and (t + ∆t), divided by the probability that the individual survived beyond time t. The hazard function
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seems to be more intuitive to use in survival analysis than the pdf because it attempts to quantify the instantaneous
risk that an event will take place at time t given that the subject survived to time t.

COX PROPORTIONAL HAZARDS REGRESSION
Like many other models, the PH regression models the hazard function, as can be seen in equation 2.1.
David Cox’s 1972 paper took a different approach to standard parametric survival analysis and extended the methods
of the non-parametric Kaplan-Meier estimates to regression type arguments for life-table analyses. Cox advanced to
prediction of survival time in individual subjects by only utilizing variables co-varying with survival and ignoring the
baseline hazard of individuals. Cox did this by making no assumptions about the baseline hazard of individuals and
only assumed that the hazard functions of different individuals remained proportional and constant over time.
When there are several explanatory variables, and in particular when some of these are continuous, it is much more
useful to use a regression method such as Cox rather than a KM approach.
Here the hazard function for individual i is modeled as:
p

𝐡(𝐭)= 𝐡𝟎 (𝐭) exp{∑i=1 βi Xi }
In the PH model, the hazard function is dependent on, or determined by, a set of p covariates [x1, x2, . . . , xp], whose
impact is measured by the size of the respective coefficients [β1, β2, . . . , βp]. The ‘t’ in 𝐡(𝐭) reminds us that the
hazard function varies over time. The term 𝐡𝟎 (𝐭) is called the baseline hazard, and is the value of the hazard if all the
beta are equal to zero, since the quantity exp(0) equals 1. The proportional hazards model is considered semiparametric because no assumption regarding the distribution of the baseline hazard is necessary.

The quantities exp(βi) are called hazard ratios. A value of βi greater than zero, or equivalently a hazard ratio greater
th

than one, indicates that as the value of the i covariate increases, the event hazard increases and thus the length of
survival decreases. In other words, a hazard ratio above one indicates the covariate is positively associated with the
event probability, and thus negatively associated with the length of survival.
The PH model is essentially a multiple linear regression of logarithm of the hazard on the variables, xi, with the
baseline hazard being an ‘intercept’ term that varies with time. The covariates then act multiplicatively on the hazard
at any point in time, and this provides us with the key assumption of the PH model: the hazard of the event in any
group is a constant multiple of the hazard in any other. This assumption implies that the hazards for groups should be
proportional and cannot cross or diverge. This proportionality assumption is often appropriate for survival time data,
but in some cases where it is inappropriate can lead to false conclusions.

PROPORTIONAL HAZARDS ASSUMPTION
The assumption is that the time independence of the covariates in the hazard function, that is, the ratio of the hazard
function for two individuals with different regression covariates, does not vary with time, which is also known as the
PH assumption. In a regression type setting this means that the survival curves for two strata (determined by the
particular choices of values for the -variables) must have hazard functions that are proportional over time (i.e.
constant relative hazard). We have seen how this can be evaluated graphically using "log-log" plots in the two-sample
comparison case. In that situation, and also for the Cox model, there are tests that can be applied to test
proportionality.
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Figure 2. Graphical representation of proportional hazards over the follow-up period

METHODS TO ASSESS PROPORTIONAL HAZARDS ASSUMPTION
The methods to assess proportional hazards assumptions varies from different aspects. For the industry's approval,
there are 3 different treating way to evaluating the proportional hazards assumption. The first way is graphical
analysis mainly includes Kaplan Meier curves with and without an –ln-ln transform. The second way is the use of
time-dependent covariates, the last way is the goodness of fit, a kind of statistical test.
The input datasets that used for programming are all from SAS learning help.

GRAPHICAL ANALYSIS
In this section we will use Kaplan-Meier survival curves and the curves of ln(-ln(S(t))) vs t curves to assess the
proportional hazards assumption with an example dataset.
Kaplan Meier Curves
This method was initially raised by Cox in his scholarly article “Regression models and life table” ’in 1972, indicating
the satisfaction of PH assumption, If the two curves show the same trend without crossover. Additionally it can be
applied in continues, binary, and categorical variables. For binary and categorical covariates, plotting the Kaplan
Meier curves within each subgroup and checking their trends will give you a rough picture of PH ratio between each
group. For continuous covariates, the similar practices are useful as well after discretization of continues covariates,
just be careful for the thresholds.
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Figure 2. Kaplan Meier Curves with PH assumption not violated

Figure 2. Kaplan Meier Curves with PH assumption violated

ln (-ln(S(t))) vs t Curves
For the binary covariates 0-1(two-sample survival data), when the data satisfied PH assumption, the following
expressions are true:
𝒉(𝒕)= 𝒉𝟎 (𝒕) 𝑒𝑥𝑝(𝛽𝑥)

(1-1)

𝑯(𝒕)= 𝑯𝟎 (𝒕) 𝑒𝑥𝑝(𝛽𝑥)

(1-2)

𝒍𝒐𝒈(𝑯(𝒕))= 𝒍𝒐𝒈(𝑯𝟎 (𝒕)) + 𝛽𝑥

(1-3)

𝒍𝒐𝒈(−𝒍𝒐𝒈𝑺(𝒕)) = 𝒍𝒐𝒈(−𝒍𝒐𝒈(𝑺𝟎 (𝒕)) + 𝛽𝑥

(1-4)

The plot of ln (-ln(S(t))) curves of 2 groups plot has reasonably parallel lines there is not a significant problem with the
assumption for the model.
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Figure 3. Log of Negative Log plot with PH assumption not violated

Figure 4. Log of Negative Log plot with PH assumption violated

MODEL USING TIME-DEPENDENT EXPLANATORY VARIABLES
The second method is establish the COX regression model using time-dependent explanatory variables to assess the
PH assumption. When Cox(1972) raise the COX regression model, at the same time it was introduced that adding a
time interaction e.g. x*log(t) into the model then test its significance. The null hypothesis is that the survival data
satisfy PH assumption. If the p value is less than the significant level(usually alpha=0.05) than PH assumption fails.

For 1 predictor X as example, the hazard function including time-dependent exponential term as:
𝒉(𝒕)= 𝒉𝟎 (𝒕) 𝑒𝑥𝑝(𝛽𝑥 + 𝛾𝑋 ∗ 𝑔(𝑡))

where 𝑔(𝑡) = 𝑡
or 𝑔(𝑡) = log(𝑡)
or 𝑔(𝑡) = 1(t ≥ t 0 )
When modeling COX regression, just add a time-dependent variable in the sas statement as below:
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or

The null hypothesis are:

"𝛾 = 0" for 1 predictor being assessed.
"𝛾1 = 𝛾2 = ⋯ = 𝛾𝑝 = 0" for several predictors being assessed.

Display 1. Maximum likelihood estimates for logbun_T with PH assumption violated
The constructed statistics of the hypothetical test method are Wald or likelihood ratio statistics from chi-square
distribution with 1degree of freedom for 1 predictor under null hypothesis and log-likelihood ratio statistic from chisquare distribution with p degree of freedom under null hypothesis.

There’s another kind of time-dependent covariates that have only binary value 0 or 1, or the time-dependent
covariates have no interactive effect with other static effects in the cox model. They can be created by both counting
process and programming process and will result to the same output. For more details please explore in the example
from SAS Support “Model Using Time-Dependent Explanatory Variables” and some papers also give more
information about the methods, e.g. “Time-Dependent Covariates “Survival” More in PROC PHREG” and “Your
‘Survival’Guide to Using Time‐Dependent Covariates”.

GOOD OF FITNESS
Schoenfeld Residuals
Another method to assess the ph assumption is to examine the Schoenfeld residuals. The Schoenfeld residual
computed with one per observation per covariate is defined at the observed event times as the difference between
covariate for observation and the weighted average of the covariate values for all subjects still at risk when
observation experiences the event.
For the ⅈth subject and k th covariate, the estimated Schoenfeld residual rik , is given by (notation from Hosmerand
Lemeshow)

Where 𝑥ik is the value of the k th covariate for individual i, and
is a weighted mean of covariate values for those in
the risk set at the given event time. If the data meet the ph assumption then the schoenfeld residual do not depend on
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the survival time, i.e the schoendeld residual has no correlation with the rank of survival time.
There are 3 steps to implement the hypothesis test. The first step is to call proc phreg to calculate Schoenfeld
residual. The second step is to call proc rank to re-sort the survival time variable and get its ranking by survival time.
The third step is call proc corr to test the correlation between ranked survival time and Schoenfeld residual.

Display 2. P value of Correlation Coefficients= 0.0091 with PH assumption not violated
The ASSESS statement in PROC PHREG
The ASSESS statement performs the graphical and numerical methods of Lin, Wei, and Ying (1993) for checking the
adequacy of the Cox regression model. The methods are derived from cumulative sums of martingale residuals over
follow-up times or covariate values. You can assess the functional form of a covariate or you can check the
proportional hazards assumption for each covariate in the Cox model. PROC PHREG uses ODS Graphics for the
graphical displays.

assess var=(acc_age) ph
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Display 3. Check the ph assumption by ACCESS statement

CONCLUSION
In this paper we introduce some of the classical methods to assess the ph assumption before apply COX model.
They are graphical analysis, involving time-dependent covariates, and the goodness of fitness. For the readers they
can choose one or two methods to test and see if their trial data satisfy the ph assumption and if not, they may need
to adjust the model, it’s another topic anyway. Checking assumptions takes time and can be never ending, so
balance is need. Please bear in mind that without testing ph assumption the survival data could not be used in the
COX model without any concern.
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